In the present paper, the variances in the space and momentum domains of the spherical Abel-Poisson wavelet, as well as the limit of the uncertainty product for ρ → 0, where ρ is the scale parameter, are computed. The values of these quantities coincide with a certain accuracy with those of the spherical Poisson wavelet with 1 2 substituted for the order parameter.
Introduction
Similarly as in physics (Heisenberg's uncertainty principle), there exist several uncertainty principles in mathematics. An uncertainty constant of a function is a measure for the trade-off between the spatial and frequency localization. For functions over the sphere, the uncertainty product was introduced by Narcowich and Ward in [13] , see also [6] for a short history of the notion and a discussion about various nomenclature. The present research is devoted to spherical wavelets (for the theory of wavelet transforms see [4] ). The uncertainty product can be interpreted as one of indicators of 'goodness' of wavelets, because well-localized wavelets yield a welllocalized wavelet transform, i.e., such that 'fuzziness' of the transform reflects mostly the 'fuzziness' of the analyzed signal. Some general results concerning the uncertainty product of a wide class of wavelets in limit ρ → 0, where ρ denotes the scale parameter, can be found in [6] . The case of Poisson wavelets g m ρ , m ∈ N [3, 7] -a wavelet family which is the most popular one for applications because of their explicit representation as well as existence of discrete frames [11, 10] -is investigated in [8] , and a bound for the uncertainty constant of the spherical Gauss-Weierstrass wavelet is computed in [9] . In the present paper we investigate another wavelet family, namely the AbelPoisson wavelet. The so-called variances in the space and momentum domains are computed explicitly and exactly. The uncertainty product of a function is the square root of the variances. In the case of the Abel-Poisson wavelet, its limit for ρ → 0 is finite. Up to a certain order, the values of the variances and the uncertainty product coincide with those for Poisson wavelets [8] with 1 2 substituted for the order parameter m (Poisson wavelets are defined for m ≥ 1). The paper is organized as follows. After an introduction of the necessary notions and statements in Section 2, the main result of the paper, Theorem 3.1 is proven in Section 3.
Preliminaries
Let S n denote the n-dimensional unit sphere in (n + 1)-dimensional Euclidean space R n+1 with spherical variables (ϑ, ϑ 2 , . . . , ϑ n−1 , ϕ). Integrable zonal (rotation-invariant with respect to the x 1 -axis) functions over the sphere have the Gegenbauer expansion
with Gegenbauer coefficients
where λ is an index related to the space dimension by
and c is a constant that depends on l and λ. C λ l , l ∈ N 0 , are the Gegenbauer polynomials of order λ ∈ R and degree l ∈ N 0 . Unless it leads to misunderstandings, zonal spherical functions will be identified with those of the first variable, i.e., we write f (x) interchangeable with f (cos ϑ). The variances in the space and momentum domains of a C 2 (S n )-function f with S n x |f (x)| 2 dσ(x) = 0 are given by [12] 
where ∆ * is the Laplace-Beltrami operator on S n . The quantity
is called the uncertainty product of f . The uncertainty product of zonal functions may be computed from their Gegenbauer coefficients [5, Lemma 4.2] and according to the spherical uncertainty principle it is bounded from below by n 2 , see [13, 14] and [1, formula (4.37)], [2, formula (12)].
Lemma 2.1 Let a zonal square integrable and continuously differentiable function over S n be given by its Gegenbauer expansion
Its variances in space and momentum domain are equal to
whenever the series are convergent.
The Abel-Poisson wavelet (with respect to the measure α(ρ) = 1 ρ ) is given by
where ρ ∈ R + denotes the scale parameter, see [4, Section 3].
3 The uncertainty product of the Abel-Poisson wavelet 
where α is a bounded function, and
[n − 1 + (n + 1) e 2ρ ] (e 2ρ − 1) 2 .
The uncertainty product equals in limit ρ → 0
Proof. Substituting
to the expressions (1) and (2) we obtain
Then,
for
and
In order to estimate B(ρ) by S n,m (ρ) note that for
.
Consequently,
with
The values of S n,1 , S n,2 , S n,3 , and S n,4 are obtained from
compare the sixth equation on p. 352 in [8] (note that S n,0 in [8] is defined as a series starting from l = 0), by the recurrence relation
In order to estimate S n,−1 (ρ) note that
where P n−3 is a polynomial of degree n − 3. Thus, S n,−1 can be expressed as a linear combination of S 2,m , m = −1, 0, . . . , n − 3,
It follows from (11) and (12) 
where Q is a polynomial. Further,
l .
Since the function t → e −2ρt t is monotonously decreasing on (0, ∞),
It follows from (13), (14), (15), and
Therefore, the rest term in (10) can be written as
with a bounded function α. Formulae (3) and (4) are obtained from (6) and (7) by substituting (8), (10) , and (9) with the series S n,m , m = 1, 2, 3, 4, computed from (11) via (12) . In the computation, S n,0 is replaced by (1 − e −2ρ ) 1−n . The difference between the two expressions can be absorbed by the rest term R(ρ), and the replacement simplifies the calculations significantly. 
